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Abstract. We address the problem of learning choice functions, that
is, functions that map sets of objects (each of which is characterized
in terms of a feature vector) to subsets of favored objects. To this end,
we leverage the recently proposed notion of Pareto-embedding. The
idea is to map the objects into a multi-dimensional utility space in
such a way that the chosen subset corresponds to the Pareto set in
that space. We deepen the theoretical understanding of the approach
by showing the characteristic property of choice functions that can
be represented in this way, and prove the suitability of the proposed
surrogate losses.
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Introduction

Beginning with the inception of the social sciences, an important
endeavor has been the study of how humans express preferences
and make decisions [1]. Choice functions were established by Arrow
[2] in his seminal monograph, which shaped subsequent research in
economic theory. In the choice problem, sets of objects are presented
and preferences are expressed by choosing corresponding subsets.
Contrary to the classical approaches from the literature, we view this
problem in the context of machine learning. Since choices are a way
to indicate preferences, this problem is part of the field of preference
learning [3], which most notably encompasses learning to rank and
recommender systems. A choice function maps sets of objects to
subsets thereof, and we aim to infer such functions from data. To this
end, we consider a learner that observes data in the form of subset
choices from candidate sets, from which it induces a predictive model
in the form of a choice function.
This problem has received some recent attention with work by
Benson, Kumar, and Tomkins [4], who present a generalization of a
multinomial logit model which in addition allows correction terms for
some subsets of objects; the authors show, however, that selecting the
optimal set is NP-hard. Pfannschmidt et al. [5] propose to generalize
the utility function instead to include more of the set-context, with
the downside that they have to tune a separate threshold with which
to compute choice sets.
In this paper, we study an interesting alternative, which is based
on the extension of a one-dimensional (real-valued) utility function
to a multi-dimensional (Rd -valued) utility function [6, 7]. A function
of this kind can be seen as an embedding of objects in a higherdimensional utility space, in which choice sets are identified quite naturally with Pareto-optimal points. In contrast to the one-dimensional
case, a Pareto-embedding does not induce a total order on the objects.
Instead, the order is only partial, and the sets of Pareto-optimal points
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Figure 1. A Pareto-embedding φ(·) maps a given set of objects Q into a
higher-dimensional utility space Z. The Pareto-optimal points in this space
(here depicted in blue) we define to be the choice set C. Figure replicated from
original paper [6].

can be of any size. See Fig. 1 for a visualization of a two-dimensional
Pareto-embedding.
This idea was first sketched in a short paper by Pfannschmidt and
Hüllermeier [6]. We extend on the work by making the following
contributions: We identify and prove the characteristic property of
choice functions that can be represented by Pareto-embeddings. We
also show the suitability of the (differentiable) surrogate loss function
for learning an embedding (Section 2).
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Theoretical Results

We assume that a reference set of objects (or choice alternatives)
X ⊆ Rd exists, from which subsets are drawn. For ease of exposition, let this reference set be finite. Each object x ∈ X is a vector (x1 , . . . , xd ) comprised of real-valued feature values. A subset
Q = {x1 , . . . , xm } ⊆ X of arbitrary but finite size m is called
a choice task. Preferences are expressed in the form of a choice
set C ⊆ Q. We call a function c : 2X → 2X a choice function if
c(Q) ⊆ Q for all Q ⊆ X and |c(Q)| ≥ 1, i. e., choice sets are always
subsets and cannot be empty.
We illustrate the main idea of Pareto-embeddings in Fig. 1. A set
of objects Q ⊆ X is shown on the left side. The function φ : X → Z
′
maps each object into the utility space Z ⊆ Rd . This mapping is
done such that the choice set C ⊆ Q forms the Pareto-set in this d′ dimensional utility space, i. e., the set of points that are not dominated
by any other point. Such a mapping is subsequently called a Paretoembedding.
Therefore, if Q = {x1 , . . . , xm } ⊆ X is a choice task, then
let Z = φ(Q) := {φ(x1 ), . . . , φ(xm )} = {z1 , . . . , zm } be its
embedding. In the embedding space, a vector zi is dominated by
another vector zj , if zi,k ≤ zj,k for all k ∈ [d′ ], and if zi,k < zj,k for
at least one k. The usual notation for this relation will be xi ≻φ xj .
If it holds that a vector zi is not dominated by any other point, i. e.,,

zj ∈ Z, 1 ≤ j ̸= i ≤ m, then we call such a vector Paretooptimal. With this we can introduce the set of Pareto-optimal points
Parφ (Q) ⊆ Q of Q, which contains all points in Q such that their
embedding is Pareto-optimal.
The Pareto-embeddings, as introduced above, define a subset of
the set of all possible choice functions. It is natural to ask if Paretoembeddings are able to express any choice function, or if their expressive power is restricted. It is straightforward to show, that there are
choice functions which cannot be expressed by a Pareto-embedding,
regardless of the dimension d′ .
Proposition 2.1 Let X be a set of objects with |X | ≥ 3. There exists
a choice function c : 2X → 2X that cannot be represented by a
Pareto-embedding.
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Having established that the set of Pareto-embeddings is a strict
subset of all possible choice functions, we may wonder what the characteristic property of this class of choice function is, without having to
invoke the specific vector-based representation of Pareto-embeddings.
We begin by stating a few useful definitions. Let c : 2X → 2X be a
choice function. We will say that x ∈ X is preferred to y ∈ X by
a choice function c (denoted x ≻c y), if and only if ∃Q ∈ 2X with
y ∈ Q, x ̸∈ Q, y ∈ c(Q), y ̸∈ c(Q ∪ {x}) and x ∈ c(Q ∪ {x}). In
words, if the addition of an object x causes another object y to be no
longer in the set of chosen objects c(Q ∪ {x}), then x ≻c y. Note,
that for arbitrary choice functions c, it can happen that both x ≻c y
and y ≻c x hold.
With that we will define the key property used in our main result:
A choice function c : 2X → 2X satisfies the Pareto-property, if and
only if: (i) ∀x, y ∈ X : If x ≻c y, then ∀Q ∈ 2X with Q ⊇ {x, y}:
y ̸∈ c(Q), and (ii) ≻c is transitive. The first property (i) requires
that a preference x ≻c y needs to hold for all Q ∈ 2X , making it
impossible that x ≻c y and y ≻c x hold at the same time. Since
cycles of preferences would still be possible, e. g., x ≻c y, y ≻c z
and z ≻c x, we also have to require that transitivity holds for ≻c .
We will now see that the set of choice functions having the Paretoproperty is exactly equal to the set of choice-functions which can be
represented by Pareto-embeddings. Remember that the dominance
relation also defines an order on objects.
In our main result, we show the equivalence of the Pareto-property
and the existence of an embedding:
Theorem 2.2 Let X be finite set. A choice function c : 2X → 2X
satisfies the Pareto-property if and only if there exists an embedding
′
φ : X → Rd , such that c(Q) = Parφ (Q) for all Q ∈ 2X .
2
The main idea of the proof is that we can reduce the Pareto-embedding
problem to the general embedding problem of a partial order. This
allows us to leverage a few interesting theoretical results from the
literature: It is known that, for partial orders of dimension 2, there
exists an efficient algorithm to compute the corresponding embedding
[8, 9]. For higher-dimensional partial orders, it becomes NP-complete
to decide that the dimension is at most k [10]. Characterizing the
properties of higher-dimensional partial orders is a recent endeavor
and could lead to new insights [11].
Another question concerns the suitability of the surrogate loss
function proposed by Pfannschmidt and Hüllermeier [6] for the task of
learning Pareto-embeddings. The following theorem establishes that
if the surrogate loss function is 0, we can be sure that our embedding
is a valid Pareto-embedding.
X

X

Theorem 2.3 Let c : 2 → 2 be a choice function with the Pareto′
property, and let its dimension be d′ . If φ : X → Rd achieves a loss

L(φ(Q), c(Q)) = 0 for all Q ⊆ X , then φ is a Pareto-embedding of
c.
2

We have already seen that Pareto-embeddings are intimately connected to a certain pairwise preference relations ≻c defined on the
objects. It stands to reason that a Pareto-embedding could be constructed solely by considering choices on pairs of objects, which, as
shown by the following proposition, is indeed the case.
′

Proposition 2.4 Assume for a given φ : X → Rd and c a choice
function with the Pareto-property, that L(φ(Q), c(Q)) = 0 holds
for any subsets Q ⊆ X with |Q| = 2. Then it holds that
L(φ(Q), c(Q)) = 0 for all subsets Q ⊆ X .
2
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Conclusion

We elaborated on a recent approach to view the problem of learning
choice functions as an embedding problem. We advance the theory,
by showing that choice functions resulting from Pareto-embeddings
are equivalent to a family of choice functions consistent with a certain
partial order relation.
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